The purpose of this note is to give an affirmative answer to a conjecture appearing in Berg [Open problems. Integral Transforms Spec Funct. 2015;26(2):90-95].
Introduction
The following conjecture is one of the open problems collected by C. Berg during the international symposium on 'Orthogonal Polynomials, Special Functions and Applications' (OPSFA-12), Sousse, Tunisia, March 29, 2013 (see [1, p.90 
]):
We consider the weight w(x) = |x + 1 2 |/ 1] , and claim that there exits a sequence of polynomials {P n } n≥0 orthogonal with respect to w(x) on [−1, 1] and which fulfils P 0 (x) = 1, P 1 (x) = x P n+2 (x) = xP n+1 (x) − γ n+1 P n (x), n ≥ 0 (1.1) such that 
According to information provided in [1] , the problem was raised by M. J. Atia (see also [2, p.46] ), not only in OPSFA-12 but also in OPSFA-10 (Leuven, 2009) and OPSFA-11 (Madrid, 2011). However, the conjecture is ill-posed because ( 
We thus reformulate the conjecture as follows:
There is a sequence of positive numbers (γ n ) n≥1 fulfilling (1.2) and (1.3) such that the sequence of polynomials (P n ) n≥0 given by (1.1) is orthogonal with respect to (1.4) .
In Section 2, we link Conjecture 1.1 with polynomial mappings and, in Section 3, arrive at an affirmative answer.
A symmetric system of orthogonal polynomials
Let T 3 and U 2 denote the monic Chebyshev polynomials of the first and second kind, respectively, given by
Proposition 2.1: Define γ 0 := 0 and let (γ n ) n≥1 be a sequence of non-zero complex numbers such that
for each non-negative integer n. Let (P n ) n≥0 be the sequence of monic orthogonal polynomials given by
where (Q n ) n≥0 is the sequence of monic orthogonal polynomials given by
Assume furthermore that γ n > 0 for each positive integer n. Then (P n ) n≥0 and (Q n ) n≥0 are orthogonal polynomial sequences with respect to certain positive measures, say μ P and μ Q respectively. Suppose that μ Q is absolutely continuous with weight function w Q on [ξ , η] with −1/4 ≤ ξ < η ≤ 1/4. Then μ P is also absolutely continuous with weight function, up to a positive constant factor, This allows us to show that w is an even function on (−1, 1) . Moreover, w cos(3θ)
Proof of Conjecture 1.1
The careful reader should carry through the details of this little calculation, analysing the cases 0 < 3θ < π, π < 3θ < 2π , and 2π < 3θ < 3π separately. Writing x = cos θ , 0 < θ < π, we obtain
Define the linear functional L : 
Since the true interval of orthogonality (see [4, , s 3 = 15935 1009008 .
Consequently, since g n = 16s n /(1 − g n−1 ) for each positive integer n, we get g 0 = 0, g 1 = 7 15 , g 2 = 24 49 , g 3 = 3187 6435 .
This allows us to verify that the sequence (γ n ) n≥0 defined by (3.1) indeed fulfils (1.3). Finally, Proposition 2.1 implies the truthfulness of Conjecture 1.1.
